Universal flow diagram for the magnetoconductance in disordered GaAs layers 
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The temperature driven flow lines of the diagonal and Hall magnetoconductance data {Gxx, Gxy) 
are studied in heavily Si-doped, disordered GaAs layers with different thicknesses. The flow lines 
are quantitatively well described by a recent universal scaling theory developed for the case of 
duality symmetry. The separatrix Gxy = 1 (in units e^/h) separates an insulating state from a 
spin-degenerate quantum Hall effect (QHE) state. The merging into the insulator or the QHE state 
at low temperatures happens along a semicircle separatrix Gxx + {Gxy — 1)^ = 1 which is divided 



by an unstable flxed point at {Gxx, Gx 
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PACS numbers: 73.50.Jt; 73.61.Ey; 73.40.Hm 



In spite of considerable efforts in theoretical and ex- 
perimental research on the Quantum Hall Effect (QHE) 
for many years, the complete description of its evolu- 
tion for decreasing temperature is still unsatisfactory at 
the moment. About 20 years ago a flow-diagram for 
the coupled evolution of the diagonal {Gxx) and Hall 
{Gxy) conductivities was sketched for increasing sam- 
ple size L (or, equivalently, increasing phase breaking 
length for finite decreasing temperatures) on the ba- 
sis of a two-parameter scaling approach to the QHE . 
With increasing system size {L oo) Gxx tends to zero 
{Gxx 0) while Gxy becomes quantized {Gxy ^ i, i is 
an integer, Gxx and Gxy are in units e'^/h). The points 
{Gxx{L),Gxy{L)) flow on lines merging into the QHE 
plateau states characterized by one of the fixed points 
(0,z). In addition there are unstable fixed points in be- 
tween these plateaus at {G'xx^G'xy = i -\- 1/2) where the 
fiow lines terminate, meaning that points with Gxy = 
j -f 1/2 maintain their Hall conductance for all L. Nu- 
merical calculations for a system of nonintcracting elec- 
trons at high magnetic fields in the lowest Landau level 
give G'xx ~ 1/2 in the presence of different random poten- 
tials For sufficiently low temperatures the {Gxx, Gxy) 
data flow on a separatrix in the flow diagram which for a 
smooth disorder potential has been derived to be a semi- 
circle of the form H 



Glx + [Gxy - (* + 1/2)]' = 1/4, 



(1) 



with G%x — 1/2 and 



1/2. 



Recently it has been shown |5|] that the semicircle law 
follows solely from the consistency of the law of cor- 
responding states, which was already used to deduce 
the complete set of fractional and integer quantum Hall 
states from the integer i = 1 state [^. Moreover, exact 
flow lines for the integer and fractional QHE were derived 
from duality and particle-hole symmetries H], which 
underlie the law of corresponding states. Their shape 
does not depend on details of the 2D system. The sep- 



aratrix are the above given semicircles and the vertical 
lines Gxy = « -I- 1/2. 

In the presented work we explore the temperature 
driven fiow diagram of Gxx{T) versus Gxy{T) for disor- 
dered heavily Si-doped GaAs layers with different thick- 
nesses from 40 to 27 nm in a large temperature range 
from 4.2 K down to 40 mK. At low temperatures these 
samples are situated in the transition region between a 
QHE state and an insulating state. For the temperature 
evolution a quantitative agreement is found with the uni- 
versal theory for the fiow lines of the {Gxx, Gxy) data 
points. 

The temperature evolution of the fiow diagram was al- 
ready studied in many experiments , but showed incon- 
sistencies with respect to theory. As an example, values 
reported for G^x in literature range from 0.02 up to 
0.8 (for the transition i — > i -I- 1), and even different val- 
ues for different i on the same sample have been observed. 
The semicircle relation was observed in the dependence 
Gxx{Gxy) with Gxx and Gxy driven by magnetic field in 
a SiGe-Ge-SiGe quantum well at rather high tempera- 
tures of 0.3-3 K. The position of the unstable fixed point 
however was essentially different from (1/2, 1/2) ||l^. Al- 
though Glx ~ 1/2 and G 



xy 



-1-1/2 were observed at 
the transition from the insulator to the quantum Hall 
state (i = 0) in (5-doped GaAs [|ll| and between two 
QHE plateaus with Gxy — 1 and 2 (i = 1) in a Si-Ge 
hole system , in most experiments these values differ 
significantly from 1/2 and i -\- 1/2, respectively. 

There are several reasons leading to a difference be- 
tween theoretical and experimentally observed critical 
values of G'xx and Gxy, like macroscopic inhomogeneities 
of the sample, enhanced current densities near the edges 
of even homogeneous samples (this explains probably the 
low values G'xx ~ 0-02 observed in high mobility GaAs 
heterostructures) and spin effects. 

The theory introduced in Ref. has been developed 
for spinless (or totally spin polarized) electrons. There- 
fore, the most favorable candidate for an experimental 
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the form 



GL + (G.,-(2^ + l)f 



(2) 



FIG. 1. Magnetic field dependence of tlie diagonal {Rxx, 
per square) and Hall (Rxy) resistance and the diagonal {Gxx) 
and Hall (Gxy) conductance for sample 30 in a magnetic field 
perpendicular to the heavily doped GaAs layer at different 
temperatures. Dotted lines for Gxx 
of a theoretical fit around Be = 4.9 T. 



study of the flow diagram under integer QHE conditions 
is a disordered system with a small g-factor such that 
the spin-splitting gfisB {jiB is the Bohr magneton) is 
small with respect to the disorder broadening and will 
only show up in the flow diagram at rather low temper- 
atures [^3|. As we have shown in previous investigations 
on similar samples, electron-electron interaction cannot 
be neglected in the systems which are subject of the 
present work For Gxx > 1 interaction mainly leads 
to temperature dependent flow of the {Gxx{T),Gxy{T)) 



data 1 15 1 and a dependence of the localization length on 
interaction For fc^T ^ l^sgB [ks is the Boltz- 

mann constant) only interaction of electrons with the 
same spin leads to a renormalization of the conductance 
Therefore, under these conditions and in the ab- 
sence of spin-flip scattering, electrons with different spin 
can be considered as two independent, totally spin polar- 
ized electron systems. For such a situation, one should 
substitute Gij by Gij/2 in the above given expressions 
for the conductances leading to a semicircle relation of 



with the vertical separatrix Gxy = 2i -I- 1. 

The disordered GaAs samples were prepared by 
molecular-beam epitaxy. On a GaAs (100) substrate 
were successively grown an undoped GaAs layer (0.1 /im), 
a periodic structure of 30 x GaAs/AlGaAs(10/10 nm), 
an undoped GaAs layer (0.5/im), the heavily Si-doped 
GaAs of a nominal thickness oi d — 27, 30, 34 and 40 nm 
and a Si-donor concentration of 1.5 x 10^^ cm^'^, followed 
by an cap layer of 0.5 /im undoped GaAs. The number 
given for a sample corresponds to the thickness of its 
doped layer. Hall bar geometries of width 0.2 mm and 
length 2.8 mm were etched out of the wafers. A phase 
sensitive ac-technique was used for the magnetotransport 
measurements down to 40 mK with the applied magnetic 
field up to 12 T perpendicular to the layers. For sam- 
ples 27 and 30 the absolute values of the Hall resistance 
Rxy were about 10% different for two opposite directions 
of the magnetic field. The average has been taken as 
Rxy The electron densities per square as derived from 
the slope of the Hall resistance Rxy in weak magnetic 
fields (0.5 - 3 T) at T = 4.2 K are = 3.7,4,5.5 
and 6.2 x 10" cm^^ fo^. samples 27, 30, 34 and 40, re- 
spectively. The "bare" high temperature mobilities fj,o 
are about 1300, 1400, 1900 and 2300 cmVVs. Because of 
the rather large quantum corrections to the conductivity, 
even in zero magnetic field at 4.2 K, we used the approx- 
imate relation fiQ = Rxy/ BR^x in the intersection point 
of the Rxx{B) curves for different temperatures. Previ- 
ous experimental studies of the flow diagram have been 
performed on much purer samples with at least an order 
of magnitude higher mobility. 

Samples 34 and 40 reveal a wide QHE plateau from 
« 6 up to « 11 T with the value Rxy = /i/2e^ (i.e. i = 
2 for a spin degenerate lowest Landau-level occupation) 
accompanied by an exponentially small value of Rxx at 
low temperatures T < 0.3 K. The magnetoresistance data 
of sample 40 are presented in Ref . (l4| . 

In Fig.|l| the magnetotransport data of the diagonal 
{Rxx, per square) and Hall (Rxy) resistance (both given 
in units of ft/e^), and of the diagonal (Gxx) and Hall 
(Gxy) conductance have been plotted for sample 30. At 
T = 4.2 K, Rxx depends on magnetic field rather weakly 
and has only a weak minimum at i? = 6 T, and Rxy in- 
creases linearly up to 5 T with a slightly smaller slope at 
higher fields. Such a behaviour is typical for bulk samples 
in the extreme quantum limit. At the lowest tempera- 
tures, the layer is insulating (i? > 100) in zero magnetic 
field. At low magnetic fields up to 0.5 T, the diagonal 
resistance Rxx drops abruptly and continues to decreases 
more slowly between 0.5 and 4 T. For fields between 5 
and 7 T, a minimum is observed with a QHE plateau 
in the Hall resistance with Rxy — 1/2. The same QHE 
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FIG. 2. Magnetic field dependence of tlie diagonal {Rxx, 
per square) and Hall (Rxy) resistance, diagonal (Gxx) and 
Hall (Gxy) conductance for sample 27 in a magnetic field 
perpendicular to the heavily doped GaAs layer at different 
temperatures. 

structure around 6 T can be observed in the plotted con- 
ductance data. In the minimum of Gxx near B = 6 T 
the Hall conductance Gxy increases from a value higher 
than 1 (at 4.2 K) towards 2 at the lowest temperatures. 
The curves Gxy{B) for different temperature cross at one 
point with Gxy — 1 dX Be = 4.9 T. The diagonal con- 
ductivity tends towards 1 for decreasing temperature at 
this critical field. In this critical point the derivative 
dGxy/dB shows a power law dependence ~ with 
jjL = 0.48 ± 0.05. For curves at T > 0.2 K there is a sec- 
ond crossing point at B = 7 T with Gxy ~ 1- The second 
peak in Gxx{B) has an amplitude smaller than /h and 
is broader than the first one. We believe that this second 
peak structure is a manifestation of spin-splitting. 

In Fig.|| the magnetotransport data have been plot- 
ted for sample 27. At T = 4.2 K these data are similar 
to the data for sample 30. However, sample 27 shows 
insulating behavior {Rxx increases with decreasing tem- 
perature) at all magnetic fields with a rather deep and 
narrow minimum in the field dependence Rxx{B) at low 
temperatures. Note, that at the lowest temperature we 
can measure Rxy only near the minimum of Rxx since 
outside this region Rxy <^ Rxx- Within our accuracy the 



for the investigated heavily doped GaAs layers with different 
thickness (filled symbols are for sample 27, open - sample 30, 
half right filled - sample 34 and half bottom filled - sample 40) 
at different magnetic field values (different type of symbols). 
Dotted lines show the theoretical flow lines. Solid lines display 
the separatrix. 

sample reveals a Hall-insulator state {Rxy — 0.5, j|]) in 
this region. Gxx and Gxy have peaks at B « 6 T. 

The QHE in sample 30 is much less pronounced than 
in samples 34 and 40 due to the fact that the maximum 
of the high temperature Hall conductance G^y{B) has 
a value of « 1.2 close to 1 (see Fig. I). For G^y 1 
the localization length diverges, and the system is in the 
dissipative, non-quantized state. For samples 34 and 40 
with a maximum of Gxy{B) close to 2, quantization at 
Gxy — 2 develops already at higher temperatures. Al- 
though insulating for all fields, sample 27 shows a mini- 
mum in Rxx and a maximum in Gxx due to the proximity 
of G'^y{B) to I on the insulator side, giving a large local- 
ization length at its maximum. 

In Fig.^ the temperature evolution of the points 
{Gxx{T), Gxy{T)) has been plotted for the different sam- 
ples at different magnetic fields taken from 4.2 down to 
temperatures between 0.04 and 0.1 K except for the flow 
lines of sample 34 in weak magnetic fields (1.4 — 2.4 T) 
which start only at 1.1 K. The data points at the low- 
est temperatures approach and, subsequently, follow the 
semicircle dependence given in Eq.(|^). Their final low- 
temperature limiting value depends on the initial high 
temperature Hall conductance G^y with respect to Gxy — 
1. Data points starting on the semicircle follow this 
semicircle. The points starting for high temperatures at 
Gxy = 1 terminate at the lowest temperatures very close 
to {Gxx, Gxy) = (1, !)■ The presented data on disordered 



GaAs layers follow the trends expected from universal 
scaling arguments. 

In the following we will give a quantitative estimate for 
the temperature dependent evolution of the flow lines at 
constant magnetic field. The dotted flow lines in Fig.^lare 
plotted as a result of a numerical solution of the equation 
^rg(/) = a for various a, where 



(3) 



with the Jacobi functions 



n— — CK> 



OG 



(4) 



for q — exp[iTT{Gxy + iGxx)/'2] 0. The value a corre- 
sponds to the Hall conductance for large Gxx where 
the flow lines are vertical, with a — 7r(l — G^) (for the 
flow lines above the semicircle Eq.(|^)). The theoretical 
flow-lines are in very good agreement with the experi- 
mental data and are universally determined by the lim- 
iting values. 

The rate of flow is determined by the temperature de- 
pendence of Gxx{T) via the parameter s — sq = ^''^{f / fo) 
where fo = /(so)- For flow along the semicircle from 
the critical point at (1,1), where fo = 1/4, we have 
s = ln(4/). In this case 



Gxx — 2 



w 



K'{w)K{w) 
K{wf + K'{wY 



K{wf + K'{wf 



1 ± ^Jl — exp(— s) 



(5) 



where K{w) is the complete elliptic function of the sec- 
ond kind, with K'{w) = if (Vl — w'^). The tempera- 
ture dependence of Gxx and Gxy along the semicircle 
for samples 27, 30 and 40 can be fitted by Eq.(|) and 
s = c/TP (with T in K) with p = 1.16,0.94,1.1 ± 0.1 
and c = 0.83, 0.58, 3.5, correspondingly. For sample 
30 the value of p is two times larger than the value of 
jjL — 0.48 ± 0.05 extracted from the temperature depen- 
dence of dGxy/dT, in accordance with the proposed de- 
pendence s cx (A_B/r'')^ 1^] (/i is the critical exponent 
and AB — B — B^)- As shown in Fig. the data for 
Gxx{B) and Gxy{B) of sample 30 at the lowest tempera- 
ture arc well described by Eq.(^) and s = 22 (A_B)^ (with 
AB in T) around the critical point Be = 4.9 T. 

For large values of Gxx its temperature dependence is 
mostly due to electron-electron interaction and the pa- 
rameter s can be written as s = (A/tt) InLy, where Lx 
is the coherence length for interaction and the constant 
of interaction A is a material parameter which depends 
on magnetic field (A < 1). Note that compared to the 



two-parameter scaling theory is replaced byLj^. The 
interaction effects accelerate the motion along the lines. 

In summary, the flow-diagram of {Gxx{T),Gxy{T)) 
data for strongly disordered GaAs layers is well described 
by the universal expressions following from duality and 
particle-hole symmetries. Electron-electron interaction 
leads to an accelerated flow rate but does not change the 
shape of the flow lines. 
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